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Abstract. In this paper, we investigate a real hypersurface of a
complex projective space CPn in terms of the Jacobi operators. We
give a local structure theorem of a real hypersurface of CPn sat-
isfying R.% ― k(I - tjR Q, where R$ = R(-, £)£is the Jacobi operator
with respect to £ and k is a function. Further, we classify real
hypersurfaces of CPn satisfying <f>R^ = R^ under the condition that
At, is a principal curvature vector. Also, we show that a complex
projective space does not admit a locally symmetric real hypersur-
face.
0. Introduction
Let CPn ―(CPn,J,g) be an ^-dimensional complex protective space with
Fubini-Study metric g of constant holomorphic sectional curvature 4, and let M
be an orientable real hypersurface of CPn and TV be a unit normal vector on M.
Then M has an almost contact metric structure ((/>,£,tj,g) induced from the
Kahlerian structure (J,g) of CPn (see section 1). One of the typical examples
of M is a geodesic hypersphere. R. Takagi ([.10])classifiedhomogeneous real
hypersurfaces of CP" by means of six model spaces of type A＼,Ai, B, C, D, and
E, further he explicitlywrite down their principal curvatures and multiplicitiesin
the table in [11]. T. E. Cecil and P. J. Ryan ([2])extensively investigated a real
hypersurface which is realized as a tube of constant radius r over a complex
submanifold of CPn on which £ is a principal curvature vector with principal
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curvature a = 2 cot 2r and the corresponding focal map (pr:M-^ CPn (defined by
(pr{p) = expp(rN)) has constant rank.
We remark that, in particular, a homogeneous real hypersurface of type A＼,
A2 has a lot of nice geometric properties. For example, M. Okumura ([9]) showed
that a real hypersurface of CPn is locally congruent to one of homogeneous real
hypersurfaces of type A＼, A2 if and only if the structure vector field£is Killing or
if and only if the structure tensor <f>commutes with the shape operator A
(*A = A*).
We denote by V the Levi-Civita connection with respect to g. The curvature
tensor field R on M is defined by R(X, Y) = [V*, Vy] - V[X,y], where X and Y
are vector fields on M. We define the Jacobi operator field Rx ― R(-jX)X with
respect to a unit vector field X. Then we see that Rx is a self-adjoint endo-
morphism of the tangent space. It is related with the Jacobi vector fields, which
are solutions of the second order differential equation (the Jacobi equation)
Vy(VyY) + R(Y,y)y = 0 along a geodesic y. It is well-known that the notion of
Jacobi vector fields involve many important geometric properties. In section 2,
particularly we show that the Jacobi operator J?<* with respect to the structure
vector field ^ of a geodesic hypersphere is represented by J?≪*= k(I - rj(g)£)
where / denotes the identity transformation and A:is a constant. Further, we give
a local structure theorem of a real hypersurface of CPn satisfying R% ―
k(I ― t](g)£) where A:is a function.
In section 3, we prove that a real hypersurface of CPn is locally congruent to
one of homogeneous real hypersurfaces of type A＼, Ai if and only if the structure
tensor </>commutes with the Jacobi operator R% (<f>R^ = R^<f>) and At, is a principal
curvature vector. In section 4, we give another characterization of homogeneous
real hypersurfaces of type A＼, A2 by the property that (*) the structure vector
field £,is a geodesic vector field and further the Jacobi operator R% is diago-
nalizable by a parallel orthonormal frame field along each trajectory of £ and at
the same time their eigenvalues are constant along each trajectory of £. We easily
see that the property (*) is equivalent to the condition R'^ = 0 where we denote
R'x = (VXR)(-,X)X for any unit vector field X. Also, in section 4 we show that
CPn does not admit a locally symmetric (VR ― 0) real hypersurface.
In this paper, all manifolds are assumed to be connected and of class C00 and
the real hypersurfaces are supposed to be oriented.
1. Preliminaries
At first,we review the fundamental facts on a real hypersurface of CPn. Let
M be a real hypersurface of CPn and TV be a unit normal vector on M. By V we
Jacobi operators on real hypersurfaces 147
denote the Levi-Civita connection with respect to the Fubini-Study metric of
CPn. Then the Gauss and Weingarten formulas are given respectively by
Vx Y = Vx Y + g(AX, Y)N, VXN = -AX
for any vector fieldsX and Y on M, where g denotes the Riemannian metric of
M induced from g. An eigenvector (resp. eigenvalue) of the shape operator A is
called a principal curvature vector (resp. principal curvature). For any vector field
X tangent to M, we put
(1.1)
Then we may see
JX = (f>X+ t](X)N, JN=-£
that the structure ((f>,,rj,g) is an almost contact metric
structureon M, that is,we have
(1.2)
From (1.2),we get
(1.3)
<f,2x= -x + n(x)t, 17(0 = 1,
g^XJY)=g(X,Y)-ri(X)fI(Y).
# = 0
From the fact V/ = 0 and
formulas, we have
W = 0, r/(X)=g(X,Z).
(1.1),making use of the Gauss and Weingarten
(1.4) (Vx<f>)Y = n(Y)AX - g(AX, Y)£
(1.5) V^ = ^X.
Since the ambient space is of constant holomorphic sectional curvature 4, we
have the following Gauss and Codazzi equations:
(1.6) R{X,Y)Z = g(Y,Z)X-g{X,Z)Y
+ gtfY, Z)<f>X - g(jX, Z)0Y - 2g(</>X,Y)</>Z
+ g(AY,Z)AX-g(AX,Z)AY,
(1.7) {VXA)Y- (VYA)X = tjiX^Y - r,{Y)j>X- 2g{4>X, Y)£.
We recall the following:
Proposition 1 ([8]). If £ is a principal curvature vector, then the corre-
sponding principal curvature ocis locally constant.
Proposition 2 ([8]). Assume that £ is a principal curvature vector and
corresponding principal curvature a. If AX ― XX for X orthogonal to £,then we
have A0X = (od + 2)/(2A - aUX.
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Theorem 1 ([9]). Let M be a real hypersurface of CPn. Then the fallowings
are equivalent:
(i) M is locally congruent to one of homogeneous real hypersurfaces of type A＼
and Ai.
(ii)<j)A= AS.
A ruled real hypersurface of CP" is defined by a foliatedone by complex
hyperplanes CPn~l and its shape operatoris written down in [5].Namely,
(1.8)
AZ = O
for any Z _L£, W, where W is unit vector orthogonal to £,a and pi are functions
on M. For more detailsabout a ruled real hypersurface of CPn, we refer to [6].
The ^-holomorphic sectional curvature H(X) is defined by a sectional curvature
of span{X, <ffX}.Further in [5],it was proved that
Theorem 2. Let M be a real hypersurface of CPn (n > 3) with constant cj>-
holomorphic sectional curvature. Then M is locally congruent to the following
spaces:
(1) a geodesic hypersphere [that is,a homogeneous real hypersurface which lies
on a tube of radius r over a hyperplane CPn~l, where 0 < r < (tt/2));
(2) a ruled,real hypersurface;
(3) a real hypersurface on which there is a foliation of codimension two such
that each leaf of the foliationis contained in some complex hyperplane CPn~l as a
ruled hypersurface.
We denote a = g(A£,£)and /?―g(A2^, £).We define a vector field U on M
by U = V^. Then from (1.2) and (1.5) we easily observe that U is orthogonal to
f and also to A£. Since ||C/||2= gf(t/,U)=p-a2, from (1.2),(1.5) and (1.9) we
have at once
Lemma 1. The fallowings are equivalent:
(i) £,is a geodesic vector field.
(ii) £,is a principal curvature vector field.
(iii) B - a2 = 0.
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2. Real hypersurfaces of CP" satisfying R% = k(I ―j/(g)£)
For each point p e M and each unit tangent vector X e TpM, we define a
self-adjointoperator Rx of T^M by J?x = R(-,X)X. We calli?x Jacobi operator
with respect to X. It is well-known that a geodesic hypersphere M of CPn is ?/-
umbilical, i.e.,M satisfiesAX = aX + brj(X)£ for any tangent vector field X on
Af, where a and & are constants on M (cf.[11]). Thus from (1.6) we have
Proposition 3. Let M be a geodesic hypersphere of CP". Then M satisfies
R$ ― k(I ―rj<S)^) where I denotes the identity transformation and k is a constant
on M.
Furthermore, we prove
Theorem 3. Let M he a real hypersurface of CPn (n > 3). Suppose that M
satisfies R$ = k(I ― n (x)£), where k is a function on M.
In case that t,is a principal curvature vector field with the associated principal
curvature a = 2 cot 2r and the rank of corresponding focal map (pris constant, then
M is locally congruent to one of the following spaces:
(1) a geodesic hyper sphere;
(2) a homogeneous tube of radius n/A over a totally geodesic CPl
(!</<≪-2);
(3) a non-homogeneous tube of radius n/4 over a q>n/4(M) with non-zero
principal curvatures # ± 1.
Or in case that E, is not a principal curvature vector field, then M is locally
congruent to
(4) a non-homogeneous real hypersurface whose shape operator A is written as
AZ = aZ + piW (a#0,/i#0),
AZ=(k-l)/aZ, k=l+txv-ju2
for any Z _L£,,W, where W is a unit vector field orthogonal to £, a, fi and v are
functions on M.
Proof. From (1.6) it follows that
(2.1) IbX = R{X, £)£= X- ri(X)£ + olAX - rj(AX)A£
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for any vector field X on M. Suppose that R^X = k(X ―rj{X)^), where A;is a
function. Then from (2.1) we get
(2.2) a.AX ={k-＼){X- ri{X)Q + rj(AX)A^
for any vector field X on M.
First we consider the case that £is a principal curvature vector field,that is,
At, = a£.Then from (2.2) we get
(2.3) aAX = (k-l)X
for any vector field X orthogonal to £,.Since a is constant (Proposition 1), we
divide our arguments into two cases: (i) a = 0 or (ii)a # 0.
(i) a = 0. First, from (2.1) we see that k = 1 and M satisfiesR^X =
X ―rj(X)£.Since the rank of the corresponding focal map q>n/4is constant, by
virtue of [2] we see that M is locally congruent to a homogeneous real
hypersurface which lies on a tube of radius n/4 over a totally geodesic CPk
(＼<k<n―l) or locally congruent to a non-homogeneous real hypersurface
which lies on a tube of radius n/4 over a Kahler submanifold N with non-zero
principal curvatures ^ +1. (See also [7]).
(ii)a # 0. From (2.3) we see that M has at most two distinct principal
curvatures. Hence Theorem 3 in [2] implies that M is locally congruent to
geodesic hypersphere.
Next, we consider the case that t,is not principal. We may assume that
(2.4) A£ = <x£+ tiW,
where W is unit and orthogonal to £,fi# 0. Then from (2.2) and (2.4) we get
(2.5) aAW = <xfi£+ (fi2+ k - ＼)W.
Also, from (2.2) we get
(2.6) aAZ = {k-l)Z,
where Z is unit and orthogonal to £and W. Now we prove that a ^ 0. If a = 0
on M, then from (2.2) we get
(2.7) (k - l)(X - n(X)Z) + fj{AX)A^ = 0
for any vector field X on M. Putting X ― U in (2.7), then we obtain
(2.8) (k-l)U = 0.
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Set Ql = {peM: k{p) = 1} and O2 = {p e M : k(p) # 1}. Then M = Oi U O2-
If M = Oi (Q2 is empty), then from (2.7) we find fi= 0 on M, and hence by
applying Lemma 1 we have At, = 0 on M. If M = Q2 (Qi is empty), then from
(2.8) and Lemma 1 we see that A£ = a^ on M. Or, in case that both Qi and Cl2
are non-empty, by Proposition 1 and the continuity of a yield that £is a principal
curvature vector fieldon M. Hence all the cases yield a contradiction. Thus a # 0
on M.
Therefore from (2.4),(2.5) and (2.6) we have our real hypersurface M of the
case (4), where we have put /i2+ k ― 1 = av. From (1.6) we can easily see that a
real hypersurface CPn whose shape operator written as (2.4), (2.5) and (2.6)
satisfiesR$X ― k(X ―rf(X)£) for any vector field X on M. Also, since the
structure vector fieldt,on a homogeneous real hypersurface of CPn is a principal
curvature vector field([10]),we see that a real hypersurface of this case is non-
homogeneous. (Q.E.D.)
Remark 1. From Theorem 3 and the table in [11], we see that the normal
Jacobi vector fieldalong each geodesic trajectory of £on a geodesic hypersphere,
a homogeneous tube of radius n/A over a totallygeodesic CPl (1 < / < n ―2), or
a non-homogeneous tube of radius n/4 of the case (3) in Theorem 3 satisfiesthe
spherical space form type Jacobi equation, i.e.,Y" + kY = 0 where A;is a positive
constant and ' denotes covariant derivative along a geodesic trajectory of <5.
The rank of A at a point p in M is called a type number and is denoted by
t(p).Let M be a real hypersurface of CPn which satisfiesR^X = X ―ij(X)ti,i.e.,
k=l. Then from (2.2) it follows that
(2.9) aAX = n{AX)A£
for any vector fieldX on M. If there exist a point p in M such that a{p) ^ 0, then
(2.9) implies that the type number t(p) at p is at most 1. It is however seen (cf.
[12]) that the point p is geodesic. So it is contradiction to the assumption that
ct(p)# 0. Thus a = 0 on M, and hence from (2.9) $ ―0 on M. Therefore by
Lemma 1, we see that At = 0 on M.
Remark 2. The above arguements together with (1.8) in section 1 and (20)
in [7]imply that a non-homogeneous real hypersurface of the case (4) is neither a
ruled real hypersurface nor of the case (3) in Theorem 2. But, we do not yet
know the construction of the case (4) in Theorem 3.
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Due to Theorems 2, 3 and Remark 2, we characterizeda geodesic hyper-
sphere of CP" by following
Corollary 1. Let M be a real hypersurface of CPn (n > 3) with constant (j>-
holomorphic sectional curvature. In addition that M satisfiesR$ ― k(I ―n R Q,
where k is a function, then M is locally congruent to a geodesic hypersphere.
3. Real faypereiirfaeesof CPn satisfying $R% = Rx$
We see that all the cases appeared in Theorem 3 satisfies</>M.£= R^(f>.In this
section, we Drove
Theorem 4. Let M he a real hypersurface of CPn. The structure tensor (f)
commutes with the Jacobi operator R^ and Ag is principal curvature vectorfield on
M. Then £is principal curvature field on M. Further assume that a = 2 cot 2r and
the rank of the focal map <pris constant, then M is locally congruent to one of
homogeneous real hypersurfaces of type A＼, Ai or a non-homogeneous tube of
radius n/A of the case (3) in Theorem 3.
Proof. Assume that (j>R^― R^ and A2^ = XAt,. From (1.6) we get
R^X) = <f>X+ aA<l>X + g(X, U)A£,
(3.1)
4>{RsX) = (j)X+ a<f>AX - g(AX, f) U.
From (3.1) and the assumption <f>R =^ R^<l>,we find
(3.2) ol{JA - A<f>)X = g(X, U)AZ + g(AX, f)£/.
First,we prove that ^ is principal curvature vector on M. We put X = At, in
(3.2) and using the another assumption A2£ = XA^, then we get olAU―
(ocA―ft)U, and hence we have
(3.3) aAU = 0,
because /?= a/I.If there existsa point p e M such that ot(p)= 0, then we see that
f}(p) = 0, and hence by using Lemma 1, we conclude that A£,― 0 at p. So, from
now we discuss where a has not zero. Then from (3.3), it follows that
(3.4) AU = 0.
With (3.4) we easily see that
g((VxA)LO = da(X),
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where d denotes the exterior differential.Since U = <f>A^,from (1.4), (1.7) and
(3.4) we have
(3.5) ViU = aA£-fi£ + </>Va,
where Va denotes the gradient vector of a. Differentiating(3.4) covariantly, then
by using (1.7) and (3.5) we have
(3.6) {VuA)£ = -<j)U - aA2£ + fiA£+ A<j>Va.
Also, differentiatingA2£ = XAt, covariantly along M, then together with (1.5) we
have
(3.7) g(A{, (VXA) Y) + g{(VxA)Z, AY) + gtfAX, A2Y)
= dX(X)g(A£, Y) + Xg((VxA)£, Y) + Xg^AX,AY).
From (1.7) and (3.7) we have
rf(X)g(A£JY)-ri(Y)g(AZ,</>X)-2ag(</>X, Y)
+ g((VxA)Z, AY)- g((VYA)^ AX) + g(+AX, A2 Y) - gtfA Y, A2X)
= dA(X)g(A£, Y) - dX{ Y)g{A£, X) + Xg((VxA)£, Y) - Xg{{MYA% X)
+ 2Xg{<f>AX,AY)
for any vector fields X and Y on M. We put X = U and making use of (1.7),
(3.4) and (3.6), then we have
(3.8) g{(VuA)Z,AY) = 2(a - l)g(+U, Y) - r,(Y)g(U, U) + dX(U)g(A£, Y).
Thus, from (3.6) and (3.8) we obtain
(3.9) 2{0L-X)g{(f>U, Y)-f,{Y)g{U, U) + dX(U)g(A£, Y)
= -g(*U, AY)- ag(A2£,AY) + fig(AZ,AY)- da^A2 Y).
Putting Y = £in (3.9), then we get
d{Xa){U)=2{p-a2).
Also, we put Y = A£ in (3.9), we get
Xd(Xa){U) = (fi-a2)(3a-X).
Thus, we have /?- a2 = <x(X―a) = 0, from which using Lemma 1 we see that
At = cut on M.
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From (3.2)and Lemma 1, we see that
a(4A - A(j))X= 0.
Since a is constant,by a similarway as in the proof of Theorem 3 and using
Theorem 1, we have our assertions. (O.E.D.)
Remark 3. If we omit the condition that A£ is a principal curvature vector,
then Theorem 4 is not true.In fact,if a non-homogeneous real hypersurface of
the case (4) in Theorem 3 satisfiesA2£,= AA£, then we can see that av ―pi2= 0
where a and u have not zero, which yields a contradiction.
4. Real hypereurfaces cf CP" satisfying R'x = 0
For each point p e M and each unit tangent vector X e TPM, we define R'x
by R'x = (VXR)(-,X)X. Then, in particular supposing that the structure vector
field£ of M is a geodesic vector field,it is easily seen that R'^ = 0 on M if and
only if the Jacobi operator R% is diagonalizable by a parallel orthonormal frame
field along each trajectory of £ and at the same time their eigenvalues are
constant along each trajectory of £(cf. [1] or [3]).
Now we prove
Proposition 4. Let M be a real hypersurface of CPn. Suppose that £is a
geodesic vector field on M and M satisfiesR'? = 0. Then £is principal curvature
field on M. Further assume that a = 2 cot 2r and the rank of the focal map q>ris
constant, then M is locally congruent to one of homogeneous real hypersurfaces of
type A＼,A2 or a non-homogeneous tube of radius n/4 of the case (3) in Theorem 3.
Proof. Assume that £,is a geodesic vector fieldon M. Then by Lemma 1.
we immediately see that At, ― a£.Then from (1.6), taking account of (1.4),(1.7'
and Proposition 1, we get
= <x(aufiAY-A(fiAY + 4Y),
for any vector field Y on M. Thus from the hypothesis we get
a(a<t>A- AjA + <fr)Y= Q.
Assume AY ― XY for Y orthogonal to £,.Then from Proposition 2 we have
aa2-od-l)=0.
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We see that A2 - od - 1 = 0 implies X{2X - a) = od + 2, that is A =
(od + 2)/(2/1- a). From thiswe also see that <f>A= A(j>,and hence from Theorem
1 and by similar arguments as in the proof of Theorem 3 in section 2, we have
our' assertions. (Q.E.D.)
Proposition 5. There does not exist a real hypersurface of CPn whose
structure vector field £,is principal curvature vector field and satisfying R'v ― 0 for
any vector field V orthogonal to £.
Proof. From (1.6), taking account of (1.4), we get
(4.2) (VVR)(Y,V)V = -3{ri(Y)g(AV, V)0V - g(</>Y',V)g(AV, V)Q
+ g((VvA)F, V)A Y + g(A V, V){VVA) Y
- g((VvA) Y, V)A V - g(A Y, V)(VVA) V
for any vector field Y on M and any vector field V orthogonal to £.Assume that
A^ ― <x£,and suppose that M satisfiesR'v = (VyR)(-, V) V = 0 for any vector field
V orthogonal to £. Then of course R'v = {VVR)(^ V)V = 0 and from (4.2)
(4.3) - 3g(AV, V)(j)V+ ag((VvA)V, V)£,+ g(AV, V)(<xjAV - A0AV)
- ag{<t>AV, V)A V + g{A$A V, V)A V = 0
for any vector field V orthogonal to £. From (4.3) we easily see that
ag({VvA)V, V)£ = 0 and have
(4.4) -3g(AV,V)0V + otg((VvA)V,V)£ + g(AV,V)(a<f>AV - A0AV)
+ g(A0AV,V)AV = R
Assume AV ―XV and g{V, V) = 1. Then from (4.4) and Proposition 2 we have
(4.5) A{od2 - (8 + a2)! + 3a} = 0.
From (4.5) and Proposition 1 we see that M has at most four distinctconstant
principal curvatures including a. But by the table in [11] we see that X ^ 0, and
(4.5) yield a contradiction. (Q.E.D.)
It is well-known that a locally symmetric space (VR = 0) is locally
homogeneous. Thus by virtue of R. Takagi's result ([10]) and Proposition 5, we
have
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Corollary 2. There does not exist a locally symmetric real hypersurface of
CPn.
Remark 4. It was proved by the second author ([4]) that there does not
exist a real hypersurface M with the parallel Ricci tensor in CPn, n > 3.
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